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Abstract 

We prove the existence and nonlinear stability of Camm type 
steady states of the Vlasov-Poisson system in the gravitational case. 
The paper demonstrates the effectiveness of an approach to the exis- 
tence and stability problem for steady states, which was used in previ- 
ous work by the authors: The steady states are obtained as minimizers 
of an energy- Casimir functional, and from this fact their dynamical 
stability is deduced. 

1 Introduction 

In astrophysics the Vlasov-Poisson system 

dtf + v-VJ-V,U-VJ = 0, (1.1) 
AU = Anp, (1.2) 



1 



p{t,x)= J f{t,x,v)dv (1.3) 

is used to model the time evolution of a large ensemble of "particles" 
(stars) which interact only by the gravitational field which they create col- 
lectively. Examples of such ensembles are galaxies or globular clusters. Here 
f = f(t,x,v)>0 denotes the density of the particles in phase space, tGlR 
denotes time, GlR^ denote position and velocity respectively, p is the 
spatial mass density, and U the gravitational potential. The model does 
not include relativistic effects — including these would lead to the Vlasov- 
Einstein system — or collisions among the particles — these are assumed to be 
sufficiently rare to be neglected. 

In the present paper we are interested in the existence and stability of 
steady states of this system, and we pursue an approach which has recently 
been used to construct stable steady states of polytropic type and general- 
izations of these, cf. |^ |10[. For polytropic steady states the phase space 
density is of the form 

fix,v) = iEo-E)'_,LK (1.4) 
Here (•)+ denotes the positive part, E'qGIR is a constant, 

E = ^\v\^ + U{x) (1.5) 

denotes the particle energy which is conserved along characteristics of the 
Vlasov equation ( |1.1|) if U is time-independent, and 

L=\xxv\'^ = \v\'^\x\'^-{x-vY, (1.6) 

denotes the modulus of angular momentum squared which is conserved if U 
is spherically symmetric. Upon substitution of the ansatz ( |1.4| ) into ( |1.3| ) the 
Vlasov-Poisson system is reduced to the — then semilinear — Poisson equation. 
This approach was followed in |]^, where it was shown that solutions of the 
semilinear Poisson equation exist and lead to steady states with finite mass 
and compact support, provided k>—l, 1>—1, k + l + 3/2>0, k <3l + 7/2. 
The question whether the resulting steady states are stable is not addressed 
by this approach. In the present paper we construct steady states as minimiz- 
ers of an appropriately defined energy- Casimir functional. This has several 
advantages: The fact that the resulting steady states have finite mass is built 
into the definition of the set over which one minimizes the energy- Casimir 
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functional, and the compact support property is an integral part of the min- 
imization approach as well. Next, the appoach is more flexible in the sense 
that one does not need an ansatz exactly of the form ( |1.4| ), but only certain 
growth and scaling assumptions. Finally and most importantly, resulting 
steady states are stable in a well defined sense. In steady states of the 
form (|L^) with 0<fc</ + 3/2 were considered, and in [1^ this was extended 
to include steady states of the form f{x,v) = (f){EQ — E,L) where is charac- 
terized by certain growth conditions. An extension of the polytropic ansatz 
is 

fix,v) = iEo^E-^L)'lL', (1.7) 

which is due to Camm 0; here 7>0 is an additional parameter. We will 
show that the energy-Casimir technique applies for k and / as above and 7 
small and yields steady states with finite mass and compact support which are 
nonlinearly stable. At the same time the method will allow a more general 
dependence on Eq — E — jL. In the case 7 = the present paper includes 
steady states which were not covered in p|, |T^. As indicated by 0, 5.8], a 



smallness assumption on 7 is necessary to obtain steady states with compact 
support. 

The paper proceeds as follows. In the next section we introduce the 
energy-Casimir functional V and prove some preliminary results, in partic- 
ular a lower bound for T> on an appropriate set of test functions with 
prescribed mass M. The crucial part is to show that along a minimizing 
sequence mass cannot escape to infinity. This is done in Section 3, using the 
scaling properties of V and a careful estimate of the contribution of the part 
of the matter distribution inside and the part outside a given ball in space to 
the energy-Casimir functional. For this splitting estimate we require spheri- 
cal symmetry of the functions in J^m- In Section 4 we show that a minimizer 
exists and that any minimizer is a steady state, the latter fact being essen- 
tially the Euler-Lagrange identity for our variational problem. In the last 
section we discuss the stability properties of the resulting steady states. 

We conclude this introduction with some further references to the litera- 
ture. The existence of global classical solutions to the initial value problem 
for the Vlasov-Poisson system has been shown in as well as in [|T3i |19| . In 



the monograph |^ one can find many references to discussions of the stability 
problem in the astrophysics literature. As far as mathematically rigorous re- 
sults are concerned, we mention , where the stability of the polytropes is 
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investigated using a variational approach for a reduced energy- Casimir func- 
tional defined on the space of mass functions m(r) =47r Jq s'^p{s)ds, and an 
investigation of linearized stability in [Q . For the plasma physics case, where 
the sign in the Poisson equation (|1.2| ) is reversed, the stability problem is 
much easier and better understood. We refer to @, |Tl], |12|, |15|. The present 



approach was also used in to show the existence and stability of ex- 
tremely flattened steady states which in particular are no longer spherically 
symmetric. Finally, a very general condition which guarantees finite mass 
and compact support of steady states, but not their stability, is established 
in 



2 Preliminaries; a lower bound for I) 

For a measurable, spherically symmetric function f = f{x,v), xGlR^, and 
r = |a;| we define 



and 



Pfi^) ■= I f{x^'v)dv, mf{x) := / pf{y)dy, 

J\y\<r 



Vf/,(x):=t/;(r)^:=^^, t//(r):=- rU',{s)ds. 

Here spherical symmetry means that 

f{Ax,Av) = f[x,v), x,^;elR^ AgS0(3); 

the symmetry is of course only relevant for the definition of the potential. 
We shall also use the notation rrip and Up if p is not necessarily induced by 
some function f{x,v). Spherically symmetric functions of x will be identified 
with the corresponding functions of r = Next we define 

Ekinif) ■=^JJ \v\^f{x,v)dvdx, 

EUf) ■■=-^J\VUf{x)\'dx, 

Cif) := J jQ{L-'f{x,v))L'dvdx, 

V{f) := J J Lf{x,v)dvdx + C{f)+E^Uf), 
V{f) ■.= V{f) + E^M), 
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where />— 1, Q is a given function satisfying certain assumptions specified 
below, and 7>0. Note that V is the positive part of the energy- Casimir 
functional T>. As to the existence of the potential energy part we refer to 
Lemma ^ below. We will minimize T> over the set 

^m:={/gL1(1R^)|/>0, j Jfdvdx = M, 

V{f) <oo, and / is spherically symmetricj, (2.1) 

where M > is prescribed. The function Q which determines the Casimir 
functional has to satisfy the following 

Assumptions on Q: Qe C"'^([0,oo[) nC^(]0,oo[), Q > 0, and there exist con- 
stants Ci, C2 > 0, Fq > 0, and < ki, k2, < 1 + 3/2 such that: 

(Ql) <5(/)>Ci/i+i/^S />0; if / = this is required for />Fo only. 

(Q2) Qif)<C2f'+'/'^ 0</<Fo. 

(Q3) g(A/)>Ai+iA'3g(/), />0, 0<A<1. 

(Q4) Q"(/)>0, />0, andg'(0) = 0. 

Remark: The above assumptions imply that Q' is strictly increasing with 
range [0,oo[. On their support the steady states obtained later will be of the 
form 

foix,v) = iQ')-\Eo-E-^L)L' 

with some Eq<0 and E and L as defined in ( |1.5| ) and ( |1.6D respectively. A 
typical example of a function Q satisfying the assumptions would be 

Q{f) = cj'^'^'^+C2f'^'/'' (2.2) 

with < fci, ^2 < ^ + 3/2 and Ci>0, C2>0. For C2 = this leads to a steady 
state of the form ( |1.7|) , but this is not so if C2 > 0. 

The aim of the present section is to establish a lower bound for "D of a 
form that will imply the boundedness of V along any minimizing sequence. 
On the way we will establish several estimates for pj and Uj induced by an 
element / G J-'m- 
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Lemma 1 (a) There exists a constant C >0 such that 

' f+^'^'L-^'^^dvdx<C{l + V{f)), fe^M- 

(b) Let ni\=ki + l + 'i/2. Then there exists a constant C>0 such that 
J p}+^/"^ I X I -2'/"^ dx<C{l+V{f)), feJ^M. 

Proof. If (Ql) holds with -Fo = the estimate in (a) is obvious. If / = and 
Fo > one can split the integral according to f <Fo and f>Fo and use M 
to bound the first part and (Ql) to bound the second part. As to (b), we 
have for any R>0 and x G IR'^, 



Pf(^) = / , fix,v)dv+ / f{x,v)dv 

■j\v\>R 

l/(l + fcl) / /. , , N fcl/(fcl+l) 1 



/ r \ ki/{ki+l) 1 p 

= c|x|2'/(^'^+i)i?(2'+3)/{^'i+i) fj f+^/k^L-'l^^dv\ +±lv'fdv 

<C\x\^l/ik.+l+5/2) + jv^fdv 



by Holder's inequality and optimization in R. Taking both sides of the in- 
equality to the power 1 + dividing by |a;p'/"\ and integrating with 
respect to x yields the assertion. □ 
Motivated by Lemma |I| we define 

L'^^''(IR^) :=|/:IR^— >IR | / measurable, spherically symmetric, and 

j j f+^'^-L-'/'^^dvdxKoo] 

equipped with the norm 

Nfcl/(fcl+l) 



and 



L"^'^(1R^) := |p:IR^— *1R | p measurable, spherically symmetric, and 
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equipped with the norm 

/ /• , \ ni/(ni+l) 

Both spaces are reflexive Banach spaces. 

Lemma 2 (a) There exist constants C >0 and q>0 such that for p G 
L"i''(IR^) with J\p\=M we have 

Rml(r) . 47rM2 



J \VUp\^dx < 4n -^^dr + 



R 



<cR'[i+\\pc:r)+^-, R>o. 



(b) For every R>0 the mapping 

TD 

r [o,R] 

is compact. 

(c) For pi, P2 G L"i''(IR^) nL^(IR^) the following identity holds: 

J VUp^-VUp.^dx = —Ati j Up^p2dx. 

Proof. Holder's inequality implies that for any p G L"i''(lR^), 

|m^(r)|<(47r)i/(i+"i)||p||„^_,r(2'+3)/(«i+i), r>0, (2.3) 

and thus 

("""li^drKCWpWl i?(4/+5-n,)/(ni+l)_ (2.4) 

The first estimate for Vf/p in (a) follows from spherical symmetry and the 
fact that \mp\ < M. For ni < 1 the second estimate immediately follows from 



( |2.4|) . For ni > 1 we use \mp\ <M and (|2.3| ) to obtain 
7o r 



, , , rR\'m \ i't-'I 

2 - 7q ^2 - IIA^IIni,/ 
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Since in both cases the power of R is positive, this proves (a). As to (b), we 
first observe that the operator T is bounded by ( p.4|) . To show its compact- 
ness we take a bounded set S <Z L'^^'^ {M^) and apply the Frechet-Kolmogorov 
criterion to the set TS. We redefine Tp:= ^Ip,/?] ^ L'^(Si) where 1[o,r] is the 
characteristic function of the interval [0,R]. The crucial part is so show that 

\\(Tp),-Tp\\,^0, h^O 

uniformly in p G S", where {Tp)h = (Tp) {■ + h). For h>0 this follows from the 
estimate 

2 

< 2 

2 



rrip 



— Ho,R] 



h rn? fR nil 
—^dr+ I —^dr 



r 



^R-h 



h 



R-h 
1 



dr 



+ 



R-h 



1 



(r + /i) 



r + /i 



For the first three terms one uses the estimate ( ^.3| ). By Holder's inequality 

and together with Lebesgue's dominated convergence theorem this yields the 
convergence of the last term. Obviously, each term converges uniformly in 
pGS*, and the case /kO is completely analogous. As to part (c), we have 



//•oo 
VUp,-VUp,dx = A7r U'p^{r)mp,{r)dr 



r=0 

■An jUp^p2dx. 



-{Anf Up,{r)r^p2{r)dr 



Here the boundary term at infinity vanishes since |t/pi(r)| < ||pi||j^/r and 
|"^P2(^)| ^ IIP2II1, and the boundary term at zero vanishes by ( p.3|) . □ 

Lemma 3 There exists a constant C >0 such that 

1 



in particular, 



Vif)>-V{f)-C, feJ^M, 



PM:=inf{P(/)|/G^M}>-oo. 
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Proof. Using the previous two lemmas we have 

V{f)>V{f)-CR'^{l + \\Pf\\l'^f'^)- 



>V{f){l-CR'i)-CR'i 



R ' 



where C > is some constant which does not depend on i? > 0. The assertion 
follows by a suitable choice of R. □ 

3 Scaling and splitting 

The behaviour of T> and M under scahng transformations can be used to 
show that Vm is negative for 7 small and to relate the X>m's for different 
values of M: 

Lemma 4 (a) Let M>0. Then — 00 < T>m < for 7 > sufficiently small. 

(b) There exists a>0 such that for a// 7 > and < Mi < M2, 

Proof. Given any function /, we define a rescaled function f{x,v) — 
af{bx,cv), where a,b,c>0. Then 



fdvdx^ab-^c-^ I I fdvdx (3.1) 
and 

V(f)^^ab-'c~'J J Lfdvdx + b-^-^'c-'-^'C(ab'''c^'f) 

+ ah-'cr'>E^^{f) + a'h-hr''E^,,{f). (3.2) 

To prove (a) we fix some /e^i with compact support and L~''f <Fo. Let 

a^Mb^c^ 

so that 



J J fdvdx ^M. 



Using (Q2), 

Vif) < Ci7(6c)-2 + ^20^/*^^ {bcf/''^ - C4& 

where Ci, . . . ,C4 > depend on /, and we need to make sure that a{bcf^ < 1 
so that (Q2) apphes. Since we want the last term to dominate as 5— >-0, we 
let c = b~'^^^ so that bc = b^^^^'^ for some 77 >0. Then 

Now fix r7G]l,2[ such that (1 — r7/2)(2/ + 3)/A;2 > 1; such an rj exists by the 
assumptions on k2 and I. For 6 > sufficiently small the sum of the last three 
terms will be negative and a(6c)^' = Mfo'^^'^^'^^^"''/^) <1. If we fix such a b 
then all the parameters in the above estimate are determined in terms of M, 
except for 7 which now can be chosen sufficiently small to guarantee that the 
right hand side of the estimate above is negative. 

To show part (b) we assume that f eJ^M2 and / ^J-'m^ so that by 



By (13) and (Q3), 



ab-'^c-^ = Ml=,m<l. (3.3) 



V{f)=^m{bc)-'J J Lf 

+ ma~\bcY^'C{a{bcff)+mc-^E^^{f) + m'bE^M) 
>^m{bc)-^ f fLf + ma'/''{bcf/''C{f)+mc'^E^,M) + m%Ep,,{f), 



provided a{bcY < 1. Now we require that 

Together with ( |3.3| ) this determines a,6,c in terms of m. In particular 

a{hcfi = m'^k,{i+i)/{zi2+i-k,) < x_ i^g^^g 

V{f)>^m{bc)-^ j Lf + m'+^{Cif)+EUf) + EMf) 
>mi+"P(/), 
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where a = (2/ + 2)/(/ + 3/2 — /^s) >0; observe that m(6c)~^ >m"^+" since bc = 
^(«+i)/(i+3/2-fe3)-i^ gince for any given choice of a, b, c the mapping /h^ / is 
one-to-one and onto between J^M2 and J-'mi the scahng inequahty follows. □ 

The scaling estimate above can be used to show that along a minimizing 
sequence the mass has to concentrate in a certain ball: 

Lemma 5 Let M>0, and let 7>0 be sufficiently small so that Lemma ^ 
(a) applies. Then there exists a radius Rm>0 such that if {fn)'^^M is a 
minimizing sequence ofD, 



lim / fndvdx = 0, R> Rm- 
"■^^J\x\>rJ 



Proof. We define the ball i?_R := {x e IR^ | <-R}. Let Ib^xr^ be the char- 
acteristic function of BrX 1R^. For / e J-'m we split 

fl = ^BiixTR^fy /2 = / — /l 

and let pi and Ui denote the induced spatial densities and potentials respec- 
tively, i = l,2. We abbreviate X = M — mf{R). Then 

vif) = v{h) +v{h) -^j'^u,- Vf/2 

> Vm-x + I^a - ^ / Vf/i ■ Vf/2 
since /i G Tm-\ and /2 G J^\. Since Vt/2 = on Br., 

/ V[/i-Vf/2<A(M-A)47r / —dr = —\(M-X). 
J JR r^ R 

Using Lemma ^ (b) we find that 

Vif) > Ul - A/M)^+" + (A/M)i+°1 Vm - 4a(M - A). 
L J R 

Since a > 0, there is Ca > 0, such that 

(1 + - 1 < -CJl-x)x, < X < 1. 
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Choosing x = \/M and noticing that by Lemma ^ (a) Dm < 0, we have 

1 . 



V{f)-VM > [(1-A/M)1+° + (A/M)1+"-i1Pa/-4a(M-A) 



> -CJ^M \ 1- — 1 — --A(M-A) 



M2 R 
1 1 



{^—-^m^{R){M-ms[R)) (3.4) 



where 



M2 

RM:=-jr^>^. 



Now let (/„) C Tm be a minimizing sequence of T), and assume the asser- 
tion of the lemma is wrong. Then there exist some R>Rm, A>0, and a 
subsequence, called (/„) again, such that 

lim / / fndvdx = \. 
"'-"^J\x\>rJ 

For every n G INT we can choose i?„ > R such that 

A„:= / / fndvdx=]- I I fndvdx. 
J\x\>R„J 2J\x\>rJ 



Then 



lim / / fndvdx = lim A„ = A/2>0. 



Applying the estimate ( p.4| ) to -Br„ we get 

ViU)-VM > (4 l^)(^-An)A„>f-^ ],)iM-\n)Xr, 

^ ^){M-X/2)X/2>0, n^oo, 



Rm r 

since < X/2 < M. This contradicts the fact that (/„) is a minimizing se- 
quence. □ 
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4 Minimizers of T> 

Theorem 1 Let M>0, and let 'y>0 be sufficiently small so that Lemma 
(a) applies. Let {fn)cJ^M be a minimizing sequence ofV. Then there is 
a minimizer /o and a subsequence {fn,,) such that V{fo) = Vm, supp/oC 
Bjij^j X with Rm as in Lemma ||, and fn^.^ fo weakly in L'^i''(]R^). For 
the induced potentials we have VUn,. — Vf/o strongly in L^(IR^). 

Proof. By Lemma |, {V{fn)) and thus (/„) is bounded in L'^i''(IR^), cf. 
Lemma |I[ Thus there exists a weakly convergent subsequence, denoted by 
(/n) again: 

/„-/o weakly in L^^''(1R^). 
Clearly, /o >0 a. e., and /o is spherically symmetric. Since by Lemma ^ 



M = lim / / fndvdx+ lim / / fndvdx 

"■^°°J\x\<Ri J\v\<R2 ^^^J\x\<Ri J\v\>R2 

< lim / / fndvdx + ^ 

"■^°°J\x\<RiJ\v\<R2 Ri 



\<RxJ\v\<R2 

where Ri > Rm and -R2 > are arbitrary, it follows that 



\x\<R 



fodvdx = M 



for every Ri > Rm- This proves the assertion on supp/o and ///o = M. Also 
by weak convergence 

JJ\vadvdx<lirainfJJ\v\^f^dvdx<oo. (4.1) 

By Lemma ^ (p„) = is bounded in L"i''(lR^). After extracting a further 
subsequence, we thus have that 

pn^Po-=Pfo weakly in ^"^''(IR^). 

Thus by Lemma ^ the convergence of the fields in L^(1R'^) follows. 

It remains to show that /o is actually a minimizer, in particular, 
P(/o) < 00 so that foEJ-'M- By Mazur's Lemma there exists a sequence 
(gn) C L''^''-{']R^) such that gn—^fo strongly in L'^i''(lR^) and gn is a convex 



13 



combination of {fk \ k>n}. In particular, ^/o a. e. on IR^. By (Q4) the 
functional 

[[ (^Lf + Q{L-'f)L')dvdx 



is convex. Combining this with Fatou's Lemma implies that 

j j [-fLfo + Q{L-'h)L') dvdx < liminf J J [^Lg^ + Q{L-'g^)L') dvdx 

< limsup / / i-iLfn + Q{L-^fn)L^) dvdx. 

Together with ( [4.1|) this implies that 

P(/o)< limP(/„)<oo; 
note that lim„^oo'P(/n) exists. Therefore, 

V{h) = Vifo) -^J I Vt/or < iim (viU) - i-/ 1 Vf/„p) = Pm, 
and the proof is complete. □ 
Theorem 2 Let Jq^J-'m be a minimizer ofD. Then 



{Q')-\E, -E-^L)L' ,Eo-E-^L>0, 
, Eo-E--fL<0 



where 

2 



E:=l\v\^ + Uo{x) 



Eo:=j^JJ {Q'{fo)+E + -fL)fodvdx<0 

and Uo is the potential induced by /q. Moreover, /o is a steady state of the 
Vlasov-Poisson system. 

Proof. Let /o be a minimizer. We shall use the standard method of Euler- 
Lagrange multipliers to prove the theorem. Let e>0, and r^G L°°(1R^) be 
compactly supported and spherically symmetric with 



?7>0 a. e. on IR \supp/o, / / r]dvdx = 
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e < /o < - a. e. on supp/oflsuppr], e<L<- a. e. on supp?]. 

e e 

Below we will occasionally argue pointwise on IR^ so we choose a represen- 
tative of /o satisfying the previous estimate pointwise. For 

0<h< 



2(V 



\V\ 



we have fo + hrj&J-'M', that C{fo + hrj) <oo will follow from the estimates 
below. We expand V^fQ + hrf) — Vi^fo) in powers of h: 

V{h + hr^)-V{U)= j j[Q{L-\U + hT^))-Q{L-'U))L'dvdx 

+ hJJ {jL+^\v\^ + Uo^r]dvdx-h^-^ J |Vf/^pdx; 

in expanding the potential energy term we used Lemma |^ (c). To expand 
the first term we first consider a point {x,v) G supp/o flsuppr^. Then 

{Q{L-'ifo + h7^))-Q{L~'fo))L' = hQ'iL~'fo)v + h'^Q"iT)L-'rj' 

where r lies between and L^\fQ + hri). Thus 



note that < Ci < L~^/o, L"'(/o + /ir^) < C2 on suppr^flsupp/o for constants 
ci, C2 > 0, and Q" is continuous on the interval [ci,C2]. On suppr7\supp/o the 
assumption {Q2) implies that for h small 

{Q{L-\h + h^))-Q{L-'h))L'-hQ'{L''U)r,\ = Q{L-'hT^)L' 

The fact that /o is a minimizer and the estimates above imply that 

1 



0<V{fo + hr])-V{fo) = h 



Q\L''U) +7L+ ^ + Uo ) vdvdx 



for all /i > sufficiently small. Recalling the definition of E this implies 

[Q'{L-^fo) + E + -fL)r]dvdx>0 
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for all admissible rj, with equality if supp C supp /o since then also —rj is 
admissible. Recalling the definition of Eq we obtain 

JJ{Q'{L-'fo)+E + jL) {fo + v)dvdx> J J {Q'{L-'fo)+E + jL) fodvdx 

^EoM^Eo I l{fo + r])dvdx, 

or 

1 1 (g'(L-'/o) +E + ^L-Eo) (/o + v)dvdx>0, 

again with equality if suppr/Csupp/o. Recalling the class of admissible test 
functions rj and the fact that e > is arbitrary we conclude that 

Q'{L~''fo)+E + ^L-EQ^O a. e. on supp/o, 

and 

E + -fL-Eo>0 a. 6. on IR^\supp/o. 

To see the former define g ■.= Q' {L^^ fQ)-\- E + ^L — Eq and take spherically 
symmetric, measurable sets B~^,B~ C supp/o such that g>0 on B~^, g <0 on 
B^, and g = on supp/o\(S"'"Ui?~). For e>0 define 

K,:^{{x,v)em,''\e<fo(x,v),L(x,v) < 1/e}; 

here g and /o are understood as representatives of the corresponding a. e. 
equivalence classes of measurable functions. Define Bf := B^r\K^, and as- 
sume that vol-B"*" > and thus also volB^ > for e > sufficiently small. Now 
define := a/o on 5+, rj := — /q on B^ and zero elsewhere, where « > is such 
that Jri = 0; note that for e>0 sufficiently small, /b+/o>0. This rj is ad- 
missable, in particular it has support in the set Kg C supp/o. Thus 

where the first integral is positive and increasing with e — > and the second 
converges to 0. This is a contradiction so that yolB'^ — 0. The same argument 
works for B~ so that g = on supp /q. Thus < /]R6\supp/o 9''! admissable 
T) which implies that g>0 outside supp/o. 

This implies that /o is of the form given in the theorem, and by construc- 
tion 

AC/o = 4(^'^o)' = 47rpo 
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so that (/o,PO)f^o) is indeed a solution of the Vlasov-Poisson system. Since 
/o has compact support and limr^c>oUo{r) =0 we conclude that Eo<0. □ 



5 Dynamical stability 



We now investigate the dynamical stabihty of /q. First we note that for 
V(f)-V(fo)^d(f,fo) - ^||VC// - VC/olli (5.1) 



Stt' 



where 



difjo)^ j j[Q{L-'f)L'-Q{L-'h)L' + {E + ^L-Eo){f-U) 



dvdx. 



Theorem 3 Let Q satisfy the assumptions ( Ql )-( Q4 ) and assume that the 
minimizer /q is unique in J^m- Then for all e>0 there is 6>0 such that for 
any solution f{t) of the Vlasov-Poisson system with /(O) eC^(]R®)n^M; 

d{f{0),fo) + ^mf^o)-^Uo\\l<S 

implies 

d{f{t)Jo) + ^11 VC//(t) - VC/oll^ <e,t>0. 

Proof. We first show that d{fJo) > 0, / G J^m- For E + 7L - > we have 
/o = 0, and thus 

Q{L-'f)L' -Q{L-^fo)L' + {E + ^L- Eo) (/ - /o) > Q{L-'f)L' > 0. 
For E + ^L-Eo<0, 

Q{L-^f)L^-Q{L-^fo)L^ + {E + ^L-Eo){f-fo) = \q" {L-' f)L-\f - f^f 

> 

provided / > 0; here / is between / and /q. If / = 0, the left hand side is still 
nonncgative by continuity. 

We will use the fact that T) is conserved along any solution f{t) of the 
Vlasov-Poisson system with /(O) e C^(IR^) Pi^m, i- e., along any classical, 
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spherically symmetric solution. This follows from conservation of energy and 
the fact that both f{t) and L are constant along the measure preserving 
characteristic flow. Assume the assertion of the theorem were false. Then 
there exist eo > 0, t„ > 0, and /„(0) G C^(IR^) HJ-'m such that 

d{fn{0)Jo) + ^\mj„io)-^Uo\\l = - 



but 

1 

fn {in ) 



d{fn{tn).k) + 7- II Vf//„(<„) - > eo > 0. 



TT 

From (|5.1| ), we have lim„^oo^^(/n(0)) =I^Af- Since V{f) is invariant under 
the Vlasov-Poisson flow, 



\imV{Utn))= limP(/„(0))=P 



Thus, {fnitn}) C JF/v/ is a minimizing sequence of V, and by Theorem [1| , we 
deduce that — up to a subsequence — 1| Vt//„(i„) — Vt/olli 0- Again by (|5.1|) , 
d{fn(tn),fo)^^, a contradiction. □ 
If Q" allows an appropriate bound from below we can obtain an estimate 
for a weighted L^-norm of f{t) — /o- If the minimizer /o of T> is not unique in 
J-'m we denote hj Mm the set of all minimizers of V in J^m- Then for each 
e>0 there exists S>0 such that for any solution f(t) of the Vlasov-Poisson 
system with f{0)eJ^Mr]Cl{]R^), 



inf 



c?(/(0),/o) + ^||Vt//(o)-Vt/o||^ 



implies 



So&Mm V Stt 

1 



<(5 



inf 



rf(/W,/o) + ^||Vf//(t)-Vt/o||^ 
The proof works along the same lines as for Theorem 



<e, t>0. 



Final Remarks: 

(a) The uniqueness of the minimizer /o can be shown in the case of the 
polytropic ansatz ( |1.4| ). In the general case we know of no such result, 
but we mention that for the argument in Theorem § it would suffice if 
the minimizers of T) in J^m were isolated. 
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(b) Obviously we obtain stability only against spherically symmetric per- 
turbations. One reason is that the quantity L is conserved by the 
characteristic flow only for spherically symmetric solutions. The other 
is that the splitting estimate ( |3.4]) in Lemma |^ relied on the symmetry 
which therefore is required even if there is no dependence on L. 

(c) As was pointed out in the introduction, the polytropic ansatz ( |1.4| ) leads 
to steady states with finite mass and compact support for A; < 3/ + 7/2. 
Using a scaling argument as in the proof of Lemma ^ it can be shown 
that Vm = —oo for A;>/ + 3/2, cf. P], so that our method does not 
work for this parameter range. The same is true for the methods used 
in as well as in ||18|. Thus /c = / + 3/2 seems to be some kind of 
threshold for the stability properties of steady states. On the other 
hand it is shown in U| that the so called Plummer's sphere obtained 
for fc = 3/ + 7/2 is the unique minimizer of the total energy of the system 
under a more restrictive constraint; this model has finite mass but is 
supported on the whole space IR^. 
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